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By the classification theorem a finite simple group is either a cyciic group 
of prime order, an alternating group ‘El, of degree n 3 5: one of the 26 
sporadic groups or a finite simple group of Lie type; see Gorenstcin [131. 
Let p be an odd prime number. It follows from the character tables that 
any sporadic simple group has a non-principal p-block, e.g.. [:4]. Applying 
the Brauer-Robinson theorem on the block distribution fthe irreducible 
characters of the symmetric group 6, it is easy to see that each simple 
alternating group ‘LI,, ~13 5, has a non-principal p-block; see [4]. 
It is the purpose of this article to show that also the finite simple groups 
of Lie type have at least one non-principal p-biock (Theorem 4.1 J. 
Therefore these results and the classification theorem imply 
THEOREM. Every non-cyclic finite simple group G has at least two p- 
blocks, where p # 2. 
This assertion does not hold for the prime p = 2, because it is well known 
that the simple Mathieu groups M,, and Mz4 have only one 2-block. 
Using the above theorem the first author shows in [4] that the Jacobson 
radical of the group algebra FG of a finite group G over a field F of charac- 
tcristic p > 0 has maximal possible vector space dimension over F if and 
only if (; has a normal Sylow p-subgroup. This result confirms D.A.R. 
Wallace’s conjecture, see [ 12, p. 261-J. 
Concerning notations and terminology we refer to Springer and Stein- 
berg [Zl]. and the books of Feit [12], Gorenstein [13], Huppert [14], 
lsaacs [ 151 and Steinberg [23]. 
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2. PREREQUISITES FROM REPRESENTATION THEORY 
In this article, G will always be a group of finite order IG( = par, 
(p, Y) = 1, where p denotes a fixed prime number. Let (F, R, S) be a p- 
modular system for G, where F= R/nR is a field with characteristic p > 0, 
and S is the quotient field of the complete discrete rank one valuation ring 
R with maximal ideal max (R) = nR, and characteristic char (S) = 0. If F 
and S are splitting fields for G and all its ubgroups, then (F, R, S) is called 
a splitting p-modular system for G, which we assume in the following. 
The set of p-blocks B of G is denoted by Bl, (G). The block B, contain- 
ing the trivial FG-module 1, is called the principal block of G. It is the only 
p-block of G if and only if the group algebra FG is indecomposable as a 
two-sided ideal of FG. 
Since the proof of the main result of this paper is based on Theorem 4 of 
R. Brauer’s article [3] we restate it as 
THEOREM 2.1 (R. Brauer). Let g be a p-element of the finite group G. If 
IBl,(C,(g))l 3 2, then IBl,(G)I 3 2. 
The following subsidiary result is well known. A proof is given for the 
sake of completeness. 
LEMMA 2.2. (a) If N is a normal subgroup of the finite group G with 
lBl,(N)I > 2, then /Bl,(G)I 3 2. 
(b) IBl,(G/Z(G))I > 2 implies IBl,(G)I 3 2. 
(c) If H= O,,(Z(G)) and g is a p-element of G, then 
IBl,(C,(g)/H)I > 2 implies IBl,(G/Z(G))I 3 2. 
Proof. (a) Let e be a non-principal block idempotent of the group 
algebra FN. If g, = 1, g2,..., g, is a transversal of the inertial subgroup 
r,(e), then f = C:= I egi is a non-zero central idempotent of FG. 
Suppose that IBl,(G)I =l. Then f =l. Let fi=CxtNx~FN. As the 
trivial representation f N is afforded by fi. FNE l,, it follows that 
8= fif = xi= I $egi= xi= 1 (i?e)gi= 0, because @e = 0. Thus (a) holds. 
(b) Suppose that IBl,(G)I = 1. Then O,(G) = 1, and Z(G) is a p-sub- 
group of G. Hence IBl,(G/Z(G))I = 1 by Lemma 64.5 of Dornhoff [ll], a 
contradiction. 
(c) Suppose that jBl,( G/Z( G))I = 1. Since Z(G)/H is a central p-sub- 
group of G/H, also I Bl,( G/H)( = 1 by Lemma 64.5 of [ 111. Applying 
Theorem 2.1 we get IBlp(CGIH(gH))l = 1. As g is a p-element and H is a 
central p’-subgroup of G, C,( g)/H = CGIH( gH). Thus IBl,( C,( g)/H)I = 1, 
a contradiction. 
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LEMMA 2.3. (a) An irreducible ordinary character x of G does not 
belong to the principal p-block B, of the finite group 6, if there is an element 
gEGsuch thatpjlG:C,(g)l andX(g)=O. 
(b) Zf ,for every 1 # g E G there is an irreducible ordinary character x
of’G such that x(g) =O, then IBl,(G)/ > 2. 
ProoJ Part (b) follows immediately from (a). 
If x belongs to B,, then by Isaacs [15, p. 2711, lG: C,(g)l(x(g)/x(l))z 
/G : C,( g)/mod xR. As pj /G : C,(g)1 there are integers r, s such that 
1 = rp + SIG : C,(g)i. Hence x(g) = 0 implies 1 = 0 mod IIR, a contradic- 
tion. 
The following lemma collects some well-known facts on natural numbers 
which will frequently be used later. 
LEMMA 2.4. Let p be an odd prime number, q a power of 2, and let m, n 
be positive natural numbers. Then: 
(a) q - 1 = pm implies m = 1. 
(b) q+ 1 =p”’ andp#3 imply m= 1. 
(Cl n2+n+l=3” impliesn=l. 
(d) n2 - n + 1 = 3”’ implies n= 2. 
(e) 2”+ 1=3’” implies nE (1,3). 
3. CENTRALIZERS OF SEMISIMPLE ELEMENTS OF FINITE @soups OF LIE TYPE 
In this section we restate some known results on maximal tori and the 
structure of semisimple lements of finite groups of Lie type. Furthermore. 
some subsidiary results are proved here which will be used in the proof of 
the main result. 
Let c be the group of K-rational points of a connected simple algebraic 
group over an algebraically closed field K of positive characteristic Y > 0. 
Let 0 be a surjective endomorphism of G such that the group G, of a-stable 
elements is finite. To every algebraic group G belongs a simple Lie algebra. 
and therefore precisely one of the Dynkin diagrams A,, l, G, 3 D, , E,, ET, 
E,, F4 or GZ. By Steinberg [23, p. 751 each c, can be parametrized by a 
Galois field GF(q) of characteristic r > 0, and G, has one of the following 
types: A,(q), 2Ar(q), B,(q), 2B2(22m+ 1 13 C,(q), D,(q), 2D,(q), 3D‘f(9), K (y), 
‘&,(qh b(q), &(q), F,(q), 2J’4(22m+1), G,(q) and 2G(32”+1). 
A linitc simple group of Lie type is isomorphic to a non-cyclic simple 
composition factor of some of these groups G,. 
From Gorenstein [13, p. 751, we quote the following well-known facts. 
A,(q) 
24(d 
B,(q) 
Type of G, Classical notation for G’/Z 
(12 1) PG+ l(4) 
(132) p=J,+ l(4) 
(13 2) PQ2/+ l(4) if2kq 
sP2l(q) if2 1 q 
(13 $2 14 1 psP2l(q) 
(13 32 I4 1 psP,,(q) ( =Sp2dq), hence oftwe Bdd)l 
C,(q) 
CC,(q) 
D,(q) 
2D,(ql 
3Ddq) 
E,(q) 
2Edq) 
4(q) 
E,(q) 
I;,(q) 
G,(q) 
(124) 
(134) 
P% (4) if2kq 
Q2, (4) if2 1 q 
PQ, (4) if2kq 
Q, (4) if2 1 q 
- 
2B 22m+1 
2422’” + 1; 
2G2(32”+1) 
(m3 1) Sz(q) 
(m30) Ree-group 
(m>l) Ree-group 
G’/Z is a (non-cyclic) simple group or one of the following holds: 
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Remark 3.1. Let G = c,, and let Z = Z(G’) be the center of the corn- 
mutator subgroup G’ of G. 
(a) G’E (X,(2), SL,(3), SU,(2), 2B2(2)}, and G is solvable. 
(b) G = B,(2). 
(c) G= G,(2), IG : G’j = 2, and G’rSU,(3). 
(d) G= 2G,(3), /G : G’I = 3, and G’zA,(8). 
(e) G = 2F4(2), IG : G’I = 2, and G’ is the simple Tits group. 
Furthermore, the following isomorphisms hold: 
PSL,(2)r6,, PSL,(3)r’LI,, PSL,(4)~PpsL,(S)~~~, 
P%,,(7) g P&5,(2), PSL,(9)=2&, PSL,(2)z%,, SP&)~% 
PSU,( 2) r PSp,( 3 ). 
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From now on we assume G to be a simply connected algebraic group, 
and let g be a surjective endomorphism of (? such that G = g’, is finite. Let 
x E G = G, be a semisimple lement. By Springer and Steinberg [21, p. 197 
its centralizer C,(x) is a connected and reductive algebraic group 
C,(x) = 72, 
where F is a central torus of C,(x) and A” is a uniquely determined 
semisimple algebraic group, which by [Zl, p. 1691, equals the commutator 
subgroup [C&x)] of C,(x). The finite group 2, is called the semisin;$e 
component of C&x). By Carter [7, p. 11, 
A quasi-simple component of C,(x) is a subgroup N of A”, such that there is 
a simple direct factor fi of 2 with N = fl,~ 
A maximal torus T of G is a subgroup of G such that there is a U- 
invariant maximal torus !? of (? with T= Tn. By Theorem 8.9 of Steinberg 
[23, p. 581, every semisimple lement x E G = G,, is contained in a maximal 
torus T which again is contained in a Bore1 subgroup B of G such that 
both are a-invariant. An element x E G is called regular: if and only if C,(X) 
is a maximal torus of c. 
PROPOSITION 3.2. Let c be a simply connected simple algebraic group 
such that G = G’, is finite. Let x E G be a non-regular semisimple element, and 
let N be a quasi-simple component of C,(x). Then: 
Type of G There are i, j> 1 such that N is of one of the following 
types :
A,(Y) 
24(ci) 
B,(q) 
C,(q) 
D,(q), *wl) 
3D4(S) 
E,(q)> *E,(q) 
E,(q) 
Ai 
Ai( *Ai 
Ai( 2-4(qj), B,(q’), Di(S’), 2Di(q’) 
AiW)> *-4(qj), C,(q’) 
AW), *A(qj), &(q’), *D;(q’) 
Al(q), A,(q), 4(q3), *A,(q*j 
ml’), A,(cT’), A,(q’), ‘+f,(q’j, A (q% Mqj), D,(q’), 
*A2w), 2A3(q’), 24q’), ZA,(q’j, 2D,(q’), *D,(g’), 
3D,(q’) 
A,(q), A2(q), A,(q), A,(q), A,(q), A,(q), A,(q), A ,(y’), 
A2(q2h 4q2), A,(q3), A,(q3j, A,(q4), 2A,(q), 2A,(qj, 
*A4m *4d, *&(q), *&(q), *-4,(q3), D,(q), D,(qI. 
D,(q)> 2D,(q), ‘D,(q), 3D,(q3j, E,(q), *E,(q) 
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E,(q) A*(q), A,(q), A3(q), A,(q), A,(q), A,(q). A,(q), A,(q), 
Mq2h Mq*)? A3(q2), -%(q3), &(q3), A*(q4), 2A2(q), 
*A3(dY 2A4(ql, 24(q), *Am, *&(q), 2A,(q), *A,(q*), 
2A3(q2)> 2A4(q2)> 2A2(q3h D,(q), D,(q), D,(q), D,(q), 
&(q), 2D4w, 3~4(9), 2&(q), 2&h), *07(q), E,(q), 
E,(q), 2&(d 
F,(q), 2F4(dY 2lq 4(qj), A,(q’), B,(q’), B&J’), C&7’), 2A2(q’) 
F4(q), 2iq A *(q% A*(q’)> A,(q’), *-4,tq9, 2A,(q’), &(q% B,(q’), 
G,(q) 
B4(qi), C3W) 
A*(q), A,(q), *‘42(q) 
ProoJ The assertion is a restatement of the results by Carter [7], 
Dcriziotis [9, lo], Mizuno [17], Shinoda [lS] and Shoji [19]. 
Now let c be a connected simple algebraic group defined over an 
algebraically closed field K. Let go be a fixed surjective endomorphism of (? 
such that G,, is finite. Then, by Corollary 10.10 of Steinberg [23], (r. fixes 
a Bore1 subgroup 8, and a maximal torus To thereof. Furthermore, any 
two such couples are conjugate under an element of G,,. The Weyl group 
of t? (and G,,,, ) is defined as W = N~(~O)/~O. 
Let w E W. Choose II E Ne(To) such that w = nFo. By Lang’s theorem 
there exists aE G such that N = a( ooa) ~ *. Then cro fixes T= E and every 
maximal torus of G invariant under o,~ can be obtained in this way by 
Springer and Steinberg [Zl, p. 1871. T only depends on WE W. Further- 
more, Fc,,= {a-‘ta 1 t E T,, (o$a)-’ ao(t)(ooa) = a-‘&}. Hence ~~~,,a-’ =
(tE To j so(t)= w-1 tw}, and T,, is conjugate in c to the set of fixed points 
in To of the twisted endomorphism w ~ loo E Woo. Using the notation, we 
obtain from Springer and Steinberg [21, p. 1861 the following known 
result: 
LEMMA 3.3. (a) The classes of maximal tori F of C? by o. under con- 
jugation by G,, are cluss$ed by the conjugucy classes gw in Woo under the 
action of the Weyl group W= NG( Fo)/To of 6 defined by CJ --+ w1 ow;’ for 
every WOE Wando=wo,~ WO-~. 
(b) If the maximal torus F of C? corresponds to gw under the above 
correspondences, and if o = wag E WCJ,, then 
C,(a) = (x E W 1 xwao(x)P1 = w} g NG,O(~)/~VO 
(c) If a0 commutes with the action of W on To, then the classes in (a) 
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correspond to thr c’onjugucy classes of‘ W, und f the a-incariunt musimo( 
torus ? of‘ C? corresponds to the W-conjugur:,. class 14’ “, then 
For later USC WC remark that if G = c,, is a finite classical group of Lit 
type. then the appropriate choices for the maximal torus T(, of t?, the 
cndomorphism g,, and the Weyl group W= ,Y<( Fo);TC’,, arc given in scc- 
tion 3 of Veldkamp [24]. 
The following result is probably known. A proof of it is outlined in 
Brockhaus [4]. 
LEMMA 3.4. I_rt y he an odd prime diciding the order of’ the> uitcwmting 
gro1cp PI,. n > 4. Then not mcr): p-block of‘ ‘11,, has mximai d~fcct. 
Since the proof of the main result is by induction on the group order. we 
have to verify the assertion first for “small” groups. 
LEMMA 3.5. Lc>t p hc (I jwime number, und y u jxn~w of‘ unothcr no? 
mwssuril)~ difjrEwnt prime. Then the .fbllo\\.ing ussertions hoid: 
(a) [f qe 12. 3’,, then IR1,,(P.SLz(q))l 32. 
(b) !J‘p # 3. tken !Bl,,( PS_&(2))’ 3 2. 
(c) J/‘p f 2, then 1 Bl,( PSL,( 3))i >, 2. 
(d) lBl,~(P.SL,(y))l 3 2. 
(e) IBI,,(f’L5G;3(q))I 3 2. 
Pro?/: (a) follows from Theorems 38.1 and 38.2 of Dornhoff [ 1 I J and 
Lemma 2.3. 
(b) PSL,(2)? 8,. Since p # 3, CI,,.(Z,) # 1, which implies the asser- 
tion. 
(c) PSf.~(3)?81,. As p # 2. IRl,,(9I,)I >, 2 by Lemma 3.4. 
(d) and (e) Follow from Lemma 2.3 and the character tables of 
Simpson and Frame [20]. 
4. PROOF a- ‘I‘HE MAII\; THLOREM 
Throughout this section G denotes a finite group of Lie type defined over 
a finite field Gl;(q) of q elements. If p divides q, then G has a p-block of 
defect zero by Steinberg’s tensor product theorem [22], in particular 
lBl,,(G)l 3 2. This latter inequality holds for all odd prime numbers and 
linite simple groups of Lie type by 
120 BROCKHAUS AND MICHLER 
THEOREM 4.1. Let p be an odd prime and L a finite simple group of Lie 
type. Then L has at least wo p-blocks. 
ProoJ Suppose that the simple group L of Lie type is a minimal coun- 
terexample. By Theorem 3.1 of [16] L is not a Suzuki group 2B2(22m+1), 
m > 1, because p is odd and all Sylow p-subroups of 2B2(22m +‘) are cyclic, 
see [S]. 
Using the character table of the Tits group 2F,(2)’ it follows that 
L & 2F4(2)‘. Ward’s character table [25] of the Ree groups 2G,(32”f1), 
m > 1, implies that L & 2G2(32mf1 ). By the character tables of Chang and 
Ree [S], L is also not isomorphic to a Dickson group G,(q), q> 2, because 
G,(q) has for every prime number p a p-block of defect zero. 
By construction of L there is a simply connected simple algebraic group 
G defined over an algebraically closed field K with characteristic char K 
dividing q such that G has a surjective endomorphism 0 with G, = 
( g E G 1 g” = g} of finite order, and L E G/Z(G), where Z(G) denotes the 
center of G = I!?‘,. From Steinberg’s tensor product theorem follows that 
p 1 q. Furthermore, p 1 1 LI. 
Suppose G contains ap-element x &Z(G) which is not regular. Then x is 
a semi-simple element of 2;. Therefore by Proposition 3.2 C,(x) contains a
subnormal subgroup N such that N/Z(N) is simple and noncyclic or 
isomorphic to PSL,(2), PSL,(3), PSU,(2) or 2B2(2) by Remark 3.1(a). 
Since L & 2B2 (22m+1 ) it follows from Proposition 3.2 that N/Z(N) @ 
2B,(2). By Lemma 3.5 we know that for all odd primes p the solvable 
groups PSL,(2), PSL,(3) and PSU,(%) have at least wo p-blocks except 
for one exception, where p= 3 and IBl,(PSL,(2))1= 1. 
Since x I$ Z(G), the following inequalities hold IN/Z(N)1 < 
IN/NnZ(G)I = lNZ(G)/Z(G)l < IC,(x)/Z(G)l -=c /G/Z(G)/ = ILI. Hence, if 
p # 3 or N/Z(N) & PSL,(2), then IBl,(N/Z(N))I 22, because L is a 
counterexample of minimal order. Let H= OJZ(G)). Then Z(N)/H A 
NdZ(N/HnN), and N/Z(N)r[N/HnN]/[Z(N)/HnN]. Therefore 
IBl,(N/HnN)l>2 by Lemma645 of [ll]. Since N/HnNzNH/His sub- 
normal in C,(x)/H, Lemma 2.2(a) implies that lBl,(C,(x)/H)I 3 2. Thus 
IBl,(L)I = IBl,(G/Z(G))I > 2 by Lemma 2.2(c), a contradiction. 
Hence p = 3, and we may assume that every quasi-simple component of 
C,(x) is of type A,(2). In particular, q = 2, and L is not of type C, . 
Suppose that L is of type A,, then x E T implies by Proposition 7 of Car- 
ter [7] that 
for certain positive integers ni such that Aj- 1 (4”‘) is a quasi-simple com- 
ponent of C,(X). Thus at least one n,> 1, and A,(2) is not the only type of 
components of C,(X), a contradiction. Applying in the same manner 
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Propositions 8, 10 and 12 of Carter [7] it also follows that L is not of type 
2A,, B,, D, and 2D1. 
Using the character tables of F,(2), 2F4(2) and 3D,(2): it is easy to set: 
that these groups have at least wo p-blocks for every odd primcp. Thus L 
is not of types F4(q), *F,(q) or 3D,(q). 
If L is of type 2E,(2), then LEG/Z(G), and G= *E,(2) with center Z(G) 
of order 12(G)/ = 3. By Aschbacher and Seitz [ 1, p. 52], there is an element 
a=xZ(G)eL of order o(a) = 3 such that SU,(2) 6 C,(a). Let T be the 
central torus of C,(x) and A its semi-simple part. If T is not a 3-group, 
l,(C,(x))l > 2, because T< Z(C,(x)). ence /l%,(G)/ 22 by 
2.1, a contradiction. Therefore T is a 3- Since 7 1 /&V,(2)/, 
there is an clement b = yZ(G) E L of C,(a) wi er o(b)=7. Thus 
y” = yz for some z E Z(G). As 
( y’)” = ( y”)” = (yz)3 = y3z3 = y3, 
Y3 E C,(x). Therefore 71 IC,(x)l = jTI . IAl, and so 7 j IAl. Hence A contains 
a semi-simple component which is not of type A,(2), a contradiction, 
because x is not regular. Thus L is not of type *E,(q). 
Suppose that L is of type E,(q). Since E,(2) is simple, it follows that 
L = G = E,(2), and Z(G) = 1. By Aschbacher and Seitz [I, 15.5 (iii)], there 
exists an element x of order o(x) = 3 in E,(2) such that SL,(2) 6 C,(x). As 
above we may assume that its central torus T is a 3-group. iIKe 
7 1 I&X,(2)1, the semi-simple part A of C,(x) contains a semi-simple com- 
ponent, which is not of type A,(2), a contradiction. Thus L is not of 
type Edq). 
Suppose that L is of type E,(q). Since E,(2) is simple, it follows that 
L = G = E,(2), and Z(G) = 1. Again we may assume that there is a non- 
regular element x # 1 of the center Z(S) of a Sylow 3-subgroup S of G. 
Since every semi-simple component of C,(x) is of type A,(2), it follows 
from Deriziotis [9] that 3 1 /G : C,(x)\, because 311 1 ICI, a contradiction. 
Hence 6, is not of type E,(q), and similarly italso follows that L is not of 
type &Ad. 
By means of this analysis we have shown: 
Every p-element x E G\Z( G) is regular. ( “) 
Now we claim that p[lZ(G)j. Otherwise pi /Z(G)/. As p is odd, it follows 
that G is not of type B,, CI, D,, 2D,, 3D,, F4, 2F4, E7 and E,. 
If G is of type A,, then pj (I + 1, q - 1)” Thus there is a 1 # c E GF(q) with 
cp= 1. Let x=diag(c, c-l, l,..., 1) E XI+ 1(q). Then x$Z(G), as p # 2. 
Hence x is regular by (*). Its order o(x) = p, The minimal polynomial m(x) 
of x has degree deg m(x) <p - 1. By Springer and Steinberg [21, p. 216. 
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Example 1.5’1, deg m(x) = I + 1, because x is regular. Thus p < I+ 1 dp - 1. 
This contradiction shows that G is not of type A,. 
If G=SU,+,(q)= (aESLI+,(q2)l((a~‘)“o)~=u}, where I>2 and 
(a~)“o=(a~),thenp~(Z+l,q+1).Thusthereisa1#c~GF(q2)withcP=1. 
Sincep#2,pk(q-1). So cq-i#l. Aspf2, (~q-~)-‘#cq-‘. Let 
Then xy # yx and x, y E X7,+,(q). Since x E G\Z(G), x is regular by (*) 
and has order o(x) = p. Thus F= C&x) is a maximal torus of G. Let T0 be 
the maximal torus of G consisting of diagonal matrices only. Then by 
Springer and Steinberg [21, p. 1901, F0 = TT” for some 2~ e. Now 
C&XI) = (C,(X))~ = Fg = TO. Hence xB = diag (x1, x2,..., xl+ r) E To. Sup- 
pose two eigenvalues xi are equal, x1 = x2, say. Then I3 2 implies 
that 
0 1 
1 0 
-1 
1 
. 
1 
a contradiction. Therefore the degree of the minimal polynomial m(x) of x 
is deg m(x) = I + 1. Hence p d I+ 1 < p - 1. This contradiction shows that 
G is not of type 2A,. 
If G is of type E,(q) or *EJq), then p = 3, /Z(G)l = 3, and 2 / q. Let 
x E S\Z( G). Then T= C,(x) is a maximal torus of G. Since 
H= 0,&Z(G)) = 1 and IBl,(L)I = 1, Lemma 2.2(c) asserts that 
IBl,(C,(x))l = 1. Hence T= C,(x) is a 3-group. 
Let [w] be the conjugacy class of the Weyl group W corresponding to 
the torus T by Lemma 3.3, and let f(x) =fcw,(x) be the characteristic 
polynomial of w. Then ITi =f(q) if G = E,(q) or IT/ = If( -q)( if 
G = 2E,(q). By Carter, [6, Table 9, p. SO], f(x) is one of the following 
25 polynomials: 
j-l(X) := (x- 1)6 
f*(x) := (x+ 1)(x- 1)s 
j-,(x) := (x+1)2(x- 1)4 
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Let G = E,(y). Then T is a 3-group of order 1 T] =.f(y) E: 
{.f,(q)l 1 < i 6 25 ). Since 3 cannot divide q + 1 and y --. 1 at the same time. 
17‘ =.f‘(q)# {.f,(q)li=2. 3, 5. 6, 8, 9, 11, 13, 15. 16. 17, 191. By Lem- 
ma 2.4(c) 1 T! = f‘(q) 4 {,/;(q)li= 4,10, 21, 23, 24, 25). Certainly I Ti = j’(y) $
{./;(q)!i= 7,12, 14, 20;. If/(q) =,f,x(q), then q E 1 mod 3. and y = 1 + 317 for 
some n E N. Hence 
1 Ti =.f‘(q) = 9n[2 + 3(5n -+- 20n’ + 45n3 + 54n’ + 27n’)] 
is not a power of 3. a contradiction. 
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If f(q) = f&q), then q = -1+ 3n for some IZ E N. Hence 
(TI = f(q) = 27n2[11 - 3(2n - 7n2 + 12n3 - 9n4)] 
is not a power of 3, a contradiction. 
Therefore i= 1, and ITI = (q- 1)6. By Lemma 2.4(a) q - 1 = 3. Hence 
q=4. By Aschb ac h er and Seitz [l, p. 5X], there is a 3-element 1 #a EL 
such that SL,(q) d C,(a). 
Let b = zZ(G) E C,(a) and a = yZ(G). Then yz = zyt for some t E Z(G). 
Hence z3 E C,(y), because t E Z(G) and IZ(G)l = 3. Therefore z is a 3- 
element by (*), because y is a non-central 3-element. Thus C,(a) is a 3- 
group, a contradiction. Thus G is not of type E,(q). 
Let G = 2E,(q). Then T is a 3-group, which by Springer and Steinberg 
[21, p. 1901, and Carter [6] has order ITl=lf(-q)I~(lfi(-q)1 11 < 
i < 25). Using the same arithmetical rguments as above, it follows that 
1 TI = (q + l)6. By Lemma 2.4(e) q E (2, S}. 
By Aschbacher and Seitz [ 1, p. 521, G = 2E6(2) contains a non-regular 3- 
element a $Z(G). Thus (*) implies lB13( 2E,(2)/Z(G))j # 1, a contradiction. 
Hence q = 8. But also in this case it follows from Aschbacher and Seitz [ 1, 
p. 521, that there is a 3-element 1#a EL such that C,(a) is not a 3-group. 
However, the argument above shows that C,(a) is a 3-group, a contradic- 
tion. Thus G is also not of type ‘Q(q), and our claim holds: 
P :, IZ(G)l. (**I 
Let S be a Sylow p-subgroup with center Z(S). Then by (**) 
Z(S) 4 Z(G), and by (*) there is a regular element x E Z(S). Thus 
T= C,(x) > SZ(G) is a maximal torus of G. From (**) it follows that 
Z(G) = O,.(Z(G)) = H. Since IBl,(L)I = 1, Lemma 2.2(c) implies that 
IBl,(C,(x)/H)I = 1. As T is abelian, Theorem 1.5 of Feit [12, p. 4161, 
asserts that T= C,(x) = SH = S x H. Hence S is cyclic by Proposition 2.4 
of Boyce [Z]. Therefore Theorem 3.1 of [16] asserts that IBl,(L)I # 1. This 
final contradiction completes the proof. 
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